A floating-slab track with discontinuous slab provides a spatially-varying stiffness under a constant moving load. When a train moves on such a track, even with the absence of rail roughness, a parametric excitation develops as wheels move up and down applying dynamic forces at the wheel-rail interface. The dynamic force is magnified if one of its principal frequencies matches with any of the train or the track resonance frequencies.
INTRODUCTION
Significant vibration in buildings near railway tracks and subway tunnels is attributed to moving trains. There are four main mechanisms for the generation of vibration from moving trains. These mechanisms are discussed in the following paragraphs.
The first mechanism arises when successive axles of the train pass by a fixed observation point. The response of the observation point exhibits a peak when one of the train wheels comes at its nearest to the observation point. It shows a trough when the nearest point on the rail to the observation point lies between two axles The mechanism is known as the quasi-static effect, see [l,2] for examples, and it is modelled by static forces (each force equal to the static force transmitted at the wheel-rail interface) moving along the track with the same velocity of the train.
The second mechanism is known as a parametric excitation and it is attributed to varying stiffness under moving wheels, see [3, 4] for examples. This mechanism is well exemplified by a rail discretely supported by sleepers at regular distance. A moving wheel over the rail experiences high stiffness at a sleeper and low stiffness between two sleepers. When the wheel moves with a constant velocity over the rail, it applies a periodic force with time-periodicity equal to the sleeper spacing divided by the wheel velocity.
The third mechanism happens due to height differences at rail joints and crossings. A wheel applies an impulsive loading to the rail at these joints because curvature of the wheel does not follow sudden jumps or discontinuities. Also the noise produced by this excitation mechanism is annoying for passengers of the vehicle, see [5] for example.
The fourth mechanism is due to the unevenness or "roughness" of rails and wheels, see [6, 7] for examples. With a smooth wheel running on a rail with sinusoidal roughness, a mutual force takes place at the wheel-rail interface. The mutual force has a frequency equal to the train velocity divided by the wavelength. This force is influenced by the inertial force of the train at the same frequency.
In this paper, the dynamic effect of a moving train on a floating-slab track with discontinuous slab is studied. This work investigates only the parametric excitation arises from slab discontinuity and therefore rails with smooth rail-heads are modelled. The track model and calculations of its response to an oscillating moving load is shown in [8] . These results are used here to couple a discrete model of a train to the track. The new model and the coupling technique are discussed in section 2 and the results are discussed in section 3.
COUPLING A TRAIN MODEL TO THE TRACK
In the previous paper [8] , the response of a floating slab track with discontinuous slab under oscillating moving loads is calculated. The track is modelled as a periodic-infinite structure with periodicity equal to the length of a discrete slab. In this paper, a two-degree-of-freedom system is used to model a quarter of a train with four axles and two bogies moving on a track with constant velocity v as shown in Figure 1 . The unsprung mass M 1 accounts for a single axle, the sprung mass M 2 accounts for half a bogie, the static force M 3 g accounts for the weight of quarter the carriage and chassis and k u and c u are the stiffness and damping factor of the primary suspension respectively. The two-degree-of-freedom system moves over a periodic structure. Therefore, the steady-state displacements of the unsprung mass and the sprung mass can be written as a sum of Fourier series, see [9] for example, as (1) and (2) where z 1 and z 2 are the displacements of the unsprung mass and the sprung mass respectively, C n and G n are the amplitudes of the nth harmonic of the unsprung mass and the sprung mass respectively, n is the angular frequency of the nth harmonic,
Modelling of floating-slab track with discontinuous slab Part 2: response to moving trains i.e. n = 2(nv/L) and s is the maximum harmonic included in the summation. The equilibrium equations of the sprung mass and the unsprung mass read (3) and (4) where R 1 and R 2 are the axle-rail and the suspension forces respectively (see For an oscillating moving load on the track in the form (8) the rail response under the moving load can be written in a Fourier series sum as (9) where h q,n is the magnitude of the q th harmonic of the rail displacement when a unit oscillating load is moving on the rail with angular frequency n . Calculations of rail displacements are presented in [8] , from which values of h q,n can be computed as will be shown in the next section.
The load R 1 in equation 7 is a sum of a number of oscillating loads with angular frequencies multiples of the track first frequency 2 (v/L) . Hence, equation 9 can be used to write the rail displacement as The summation on the right hand side is equal to the rail displacement under a non-oscillating moving load. Hence, when v → 0, the rail displacement is equal to the static displacement multiplied by the weight of the discrete model.
RESULTS AND DISCUSSIONS
The track parameters are the same ones used in [8] . However, they are repeated here for convenience. For the rails: the bending stiffness EI 1 =l0MN . m 2 and the mass m 1 =l00kg/m, for railpads: the stiffness k 1 =40MN/m/m and the damping factor c 1 =6.3kN / m/ (m/s), for the slab: the bending stiffness EI 2 =1430MN . m 2 , the mass m 2 = 3500kg/m and the slab length is L = 6m, for slab bearings: the stiffness k 2 =50MN / m / m and the damping factor c 2 =41.8kN / m/ (m/s).
Before coupling a train model to the track, it is important to calculate the function h n,q in equation 14. As shown in [8] , the Modified-phase method gives acceptable results for the current calculations, as only typical velocities of underground trains will be investigated. Nevertheless, the Periodic Fourier method is used as it gives more accurate results with no significant increase in the running time. The reader is referred to a summary of the Periodic-Fourier method in the previous paper [8] which demonstrates calculating the rail displacement under an oscillating moving load. The steps mentioned in the summary are used here for a given velocity v and a loading harmonic-number q, to calculate the rail displacement at N discrete space points (X=0,∆X,2∆X,...,1). These correspond to discrete time points [t=0,∆X(L/v),2∆X(L/v),...,(L/v)] Using the displacement results at these points, h n,q can be calculated from the following relationship (18) where a k =0.5 for k =1,N and a k =1 for k=2,3,...,N-I.
Equation 18 is a numerical form of the Fourier series' coefficients, see for example [9] and refer to equation 21 below. To satisfy the Nyquist criterion where y q is the rail displacement under a moving oscillating load with angular frequency q . If the load is oscillating with an angular frequency q =q , i.e. (e -i q t =cos q t -sin q t), the displacement y -q is just a complex conjugate of y q . This is because the load in this case is just the complex conjugate of the load in the first case. Thus, it is possible to write The figure shows some peaks at velocities 27, 36 and 54 km/hr for = 0.1. These three peaks correspond to the sprung mass resonance, which can be calculated by From this frequency, resonance occurs when velocity is equal to v r = f r L/ n m/sec = 108/n km/hr, which agrees with the values observed at n=4,3,2. These peaks are attenuated by increasing the damping ratio of the suspension to 0.5.
Figure 2:
Dynamic magnification factor This gives the maximum and the minimum of the mass-rail forces. These forces are normalised by dividing by (M l +M 2 +M 3 )g.Values greater than 1 are for the maximum DMF, while those below 1 are for minimum DMF. where H r is the rail displacement under a non-moving unit harmonic load applied at x = XL with excitation frequency. Calculation of H r is demonstrated in reference [8] .
Modelling of floating-slab track with discontinuous slab Part 2: response to moving trains Displacement of a mass M=3000kg coupled to a track with a discontinuous slab with L=6m at X=0.25 and excited by a unit non-moving oscillating load.
From Figure 4 , the first peak occurs at 16.3 Hz and this is the mass-track resonance frequency. Hence peaks are expected in Figure 3 at velocities equal to v r = f r L/n m / sec = 352/ n km/hr, which agree well with the values calculated at n=4,5. The effect of slab discontinuity is shown to be no more than 1% at velocities up to l00km/hr. However this effect can be more important if faster or heavier-axled train are used. There are also practical issues to take into account before choosing to install a continuous or discontinuous slab track. Installation costs, maintenance considerations, track adjustment-these are factors not addressed in this paper.
The key outcome of the present work is the application of an elegant new method based on Fourier series representation of the interaction between track and train. The same method can be used in a wide variety of circumstances where a moving vehicle is coupled to a periodic structure.
CONCLUSIONS
This paper has presented a new method to couple a discrete model of a train to a floating-slab track with discontinuous slab. The method is based on Fourier series representation and is widely applicable to situations involving moving vehicles on periodic-infinite structures.
It has been shown that a parametric excitation develops as a train moves on a track with discontinuous slab resulting in a dynamic magnification of the force at the wheel-rail interface. The dynamic magnification is maximized in two cases. If one of the force principal frequencies matches with the resonance frequency of the train's sprung-mass. This can be attenuated by increasing the damping factor of the suspension. The second case when one of the force principal frequencies matches with the track resonance frequency. For underground trains, where the velocity is less than l00km/hr, the force at the wheel-rail interface is only increased by 1% of its static value due to slab discontinuity for typical parameters of the train and the track. However, this effect may become more important as the number of highspeed and heavy-axled trains increases.
